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PROJECTIVE ALGEBRAS AND PRIMITIVE
SUBQUASIVARIETIES IN VARIETIES WITH FACTOR
CONGRUENCES
ALEX CITKIN
Abstract. We prove that in the varieties where every compact con-
gruence is a factor congruence and every nontrivial algebra contains a
minimal subalgebra, a finitely presented algebra is projective if and only
if it has every minimal algebra as its homomorphic image. Using this
criterion of projectivity, we describe the primitive subquasivarieties of
discriminator varieties that have a finite minimal algebra which embeds
in every nontrivial algebra from this variety. In particular, we describe
the primitive quasivarieties of discriminator varieties of monadic Heyt-
ing algebras, Heyting algebras with regular involution, Heyting algebras
with dual pseudocomplement, and double-Heyting algebras.
1. Introduction
It was observed by Ghilardi (see e.g. [12]), that unification in algebraiz-
able logics is directly related to projectivity of finitely presented algebras of
the corresponding variety. This justifies the interest to studying of the pro-
jective finitely presented algebras in the varieties raised from logic. Finite
projective Heyting algebras have rather a simple structure which had been
described a long time ago (see [2]). Projective finitely presented Heyting
algebras have been described by Ghilardi who observed that any finitely
generated subalgebra of a finitely presented projective Heyting algebra is
finitely presented as well as projective (see e.g. [13, p 109]). Projectiv-
ity of Heyting and monadic Heyting algebras was studied by Grigolia (see
e.g. [16]). Using the duality theory he gave another criterion for a finitely
generated Heyting algebra to be projective (see [16, Theorem 3.1]).
The varieties corresponding to logics often contain a nontrivial algebra
that embeds in every nontrivial algebra from this variety. For instance,
some of such algebras are two-element Boolean algebra in the varieties of
Heyting algebras, two-element Boolean algebra with the trivial interior oper-
ator in the varieties of interior algebras, etc. Also, these varieties often have
congruences with rather nice properties, like equationally definable principal
congruences (EDPC), etc. (see e.g. [5]). If such a variety is discriminator,
Quackenbush proved the following criterion for projectivity of finite algebras
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[22, Theorem 5.2]: in a variety generated by a quasi-primal algebra, a finite
algebra is projective if and only if it has every minimal algebra as a homo-
morphic image. In Section 3 we extend this criterion to finitely-presented
algebras from congruence distributive varieties with factor congruences in
which every nontrivial algebra contains a minimal subalgebra.
Then, in Section 4, we employ the criterion established in Section 3 and
we study the primitive subquasivarieties of the congruence distributive va-
rieties with factor congruences, in which every nontrivial algebra contains
a minimal subalgebra. The primitive quasivarieties are algebraic counter-
parts of the hereditarily structurally complete consequence relations (see e.g.
[21, 11]).
In Section 5, we apply the obtained results to the following varieties (see
the definitions in Section 2):
(a) WS5-algebras (see [4]);
(b) Heyting algebras with dual pesudocomplement (see e.g. [26]);
(c) Double Heyting algebras (see e.g. [26]);
(b) Heyting algebras with involution (see e.g. [19] or symmetrical Heyt-
ing algebras (see e.g. [17]).
We also look at monadic Heyting algebras (see [3]) and KM-algebras (see
e.g. [20]) as well as Heyting algebras with successor (see [8]) and frontal
algebras (see [9]).
2. Preliminaries
2.1. Algebras and Congruences. We consider algebras of arbitrary but
fixed finite similarity type. Given algebra A, ConA denotes the congruence
lattice of algebra A, and εA and τA denote respectively the smallest and
the greatest elements of ConA, that is, identity and trivial congruences. We
assume that the reader is familiar with the basic notions of universal algebra
from [7] or [15].
Recall that a nontrivial algebra A is simple , if it has exactly two con-
gruence, or, in other words, when A has exactly two homomorphic images:
a trivial algebra and itself.
Let K be a class of algebras and A be an algebra. Then a congruence θ on
A is said to be a K-congruence if A/θ ∈ K. The set of all K-congruences on
A is denoted by ConKA. If class K is closed under formation of subdirect
products, then ConKA forms a complete lattice (see e.g. [14]). Hence,
for an algebra A from a class K closed under subdirect products, for any
elements ai,bi ∈A, i < n there is a smallest K-congruence θK such that ai ≡ bi
(mod θK) for all i < n, and we say that the pairs (ai,bi), i < n generate θK.
The K-congruences generated by a finite set of pairs of elements are called
compact , and if a K-congruence is generated by a single pair (a,b), it is
called principal and is denoted by θK(a,b) (and we omit reference to K
when no confusion arises). If θ is a congruence, by a/θ we denote a θ-
congruence class containing element a.
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As usual, if K is a class of algebras, SK,HK,PK,PuK denote respectively
the classes of isomorphic copies of all subalgebras , homomorphic images,
direct products and ultraproducts of algebras from K. Recall (see e.g. [14])
that a class of algebras K is a variety if it is closed under H,S,P, class K
is a quasivariety if K is closed under S,P,Pu, and K is a prevariety if
K is closed under S,P. A class of algebras K is said to be axiomatizable if
for some set of first-order sentences Γ, we have A ∈ K if and only if every
sentence from Γ is valid in A. The following proposition is a consequence of
the Maltsev-Vaught theorem.
Proposition 2.1. (see e.g. [14, Corollary 2.3.3]) For any axiomatizable
class of algebras K, the prevariety SPK generated by K is a quasivariety. In
particular, a prevariety P is a quasivariety if and only if P is an axiomati-
zable class of algebras.
2.1.1. Factor Congruences. The notion of factor congruence plays an im-
portant role in what follows.
Definition 1. [7, Definition 7.4] Let A be an algebra and θ be a congruence
on A. Then θ is a factor congruence if there is a congruence θ′ ∈ ConA
such that θ ∩ θ′ = ε and θ ∨ θ′ = τ and θ permutes with θ′. The pair θ, θ′ is
called a pair of factor congruences and θ′ is a complement of θ.
For any pair of factor congruences the following holds.
Proposition 2.2. [7, Theorem 7.5] If θ, θ′ is a pair of factor congruences
on A, then
A ≅A/θ ×A/θ′.
2.2. Discriminator Varieties. Let us recall a definition of discriminator
varieties: an important example of varieties in which for every algebra each
compact congruence is a factor congruence.
A variety V is said to be discriminator (see e.g. [7]) if there is a term
t(x,w, z) such that for every nontrivial algebra A ∈ V and any elements
a,b, c ∈A,
t(a,b, c) =
⎧⎪⎪
⎨
⎪⎪⎩
a if a ≠ b
c if a = b.
Discriminator varieties have very nice properties. We will use the follow-
ing (see [1, Theorem 1.1]).
Proposition 2.3. Let V be a discriminator variety. Then the following
holds for every algebra A ∈ V.
(a) V is semisimple, that is every subdirectly irreducible algebra is simple;
(b) If algebra A is finite, then A is a direct product of simple algebras;
(c) Every compact congruence on A is principal;
(d) Every principal congruence on A is a factor congruence.
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2.3. Finitely Presented Algebras. In this section we recall the definition
of finitely presented algebras.
A pair ⟨X,∆⟩, where X is a set of variables and ∆ is a set of atomic
formulas, all variables of which are in X, is called a defining pair .
Definition 2. Let K be a prevariety. A pair ⟨X,∆⟩ defines and algebra
A ∈ K if there is a map ϕ ∶X Ð→A such that
(a) the set ϕ(X) generates A and every formula from ∆ holds in A
under valuation ϕ;
(b) For every algebra B ∈ K and map ψ ∶ X Ð→B, if every formula from
∆ holds under valuation ψ, then ψ can be extended to a homomor-
phism of A to B,
and ϕ is called a defining valuation .
An algebra defined by a pair ⟨X,∆⟩ is unique (up to an isomorphism)
and it is denoted by FK(X,∆). Let us recall (see [14, Theorem 2.1.3]) that
in every prevariety K, algebra FK(X,∆) exists for any defining pair ⟨X,∆⟩.
Proposition 2.4. Let ⟨X,∆⟩ be a defining pair and K0 and K1 be prevari-
eties such that K0 ⊆ K1. Then
(a) FK0(X,∆) is a homomorphic image of FK1(X,∆);
(b) if FK1(X,∆) ∈ K0, then FK0(X,∆) ≅ FK1(X,∆).
Proof. Let ⟨X,∆⟩ be a defining pair and K0 and K1 be some prevarieties
such that K0 ⊆ K1. Suppose ϕi, i = 0,1 are defining valuations. Let us
consider the map ψ ∶ FK1(X,∆) Ð→ FK0(X,∆) defined in the following
way:
ψ ∶ ϕ1(x)↦ ϕ0(x)
By Definition 2(a), all formulas from ∆ are valid under valuation ϕ0. Hence,
because FK0(X,∆) ∈ K0 ⊆ K1, by Definition 2(b), the map ψ can be ex-
tended to a homomorphism which is a homomorphism of FK1(X,∆) onto
FK0(X,∆), for elements ϕ0(x), x ∈ X generate algebra FK0(X,∆).
Suppose that FK1(X,∆) ∈ K0. It is clear that, because K0 ⊆ K1, if
conditions of Definition 2 hold in K1, they hold in K0. Thus, FK1(X,∆) is
an algebra defined in K0 by pair ⟨X,∆⟩, and hence, FK1(X,∆) is isomorphic
to FK0(X,∆), for in a given prevariety, a defining pair defines an algebra
uniquely up to an isomorphism. 
An algebra A is said to be finitely K-presented if A can be define in
K by a defining pair ⟨X,∆⟩ in which X and ∆ are finite sets.
Let us observe that an algebra A is finitely K-presented if and only if
there is a compact K-congruence θK(A) on FK(n) such that
A ≅ FK(n)/θK(A),
where FK(n) is a free algebra of a finite rank n.
Finitely K-presented systems play an important role in the theory of qua-
sivarieties. In particular, the following holds.
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Proposition 2.5. [14, Proposition 2.1.18] In a prevariety K every algebra
is a direct limit of finitely K-presented algebras from K. Every quasivariety
Q is generated by its finitely Q-presented algebras.
2.4. Classes of Algebras. In this section we recall information about
classes of algebras that we consider in the squeal.
2.4.1. Heyting Algebras. In this section we recall the definition and some
properties of Heyting algebras that we use in the squeal. All necessary details
can be found in [23] (where Heyting algebras are called pseudo-Boolean
algebras.)
Heyting algebra is an algebraA = (A;∧,∨,→,0,1), whereA = (A;∧,∨,0,1)
is a bounded distributive lattice and → is a relative pseudocomplement, that
is for each a,b, c ∈ A we have
a ∧ b ≤ c if and only if c ≤ a→ b.
As usual, a→ 0 is abbreviated to ¬a, and ¬ is a pseudocomplement.
The set of all Heyting algebras forms a variety denoted by HA.
Definition 3. If A is a Heyting algebra a subset F ⊆A is a Heyting filter
on A (h-filter for short) if the following holds: (a) 1 ∈ F; (b) for every
a,b ∈A, if a ≤ b and a ∈ F, then b ∈ F; (c) a ∧ b ∈ F for every a,b ∈ F.
It is clear that the meet of an arbitrary family of h-filters is an h-filter.
If B ⊆ A, by [B) we denote the smallest h-filter containing B, and we say
that h-filter [B) is generated by B. If B = {b}, we write [b) omitting curly
brackets.
There is a well-known one-to-one correspondence between h-filters and
congruences: if θ is a congruence on a Heyting algebra A, then the set
Fθ ∶= {a ∈ A ∣ a ≡ 1 (mod θ)} forms an h-filter. And every congruence θ on
a Heyting algebra A is completely defined by congruence class Fθ.
Let A be a Heyting algebra. An element a ∈ A is said to be regular if
¬¬a = a and a is said to be dense if ¬a = 0. It is not hard to see that a
Heyting algebra is Boolean if and only if 1 is the only its dense element, and
the following holds.
Proposition 2.6. Let A be a Heyting algebra and θ be a congruence on A.
Then A/θ is a Boolean algebra if and only if every dense element of A is in
Fθ.
2.4.2. Monadic Heyting Algebras. 1 A Monadic Heyting Algebra is an
algebra A = (A;∧,∨,→,0,1,◻,◇), where A = (A;∧,∨,→,0,1) is a Heyting
algebra and ◻ and ◇ satisfy the following properties: for each a,b ∈ A we
have
◻a ≤ a a ≤ ◇a;
◻(a ∧ b) = ◻a ∧ ◻b ◇a ∨◇b = ◇(a ∨ b);
◻1 = 1 ◇0 = 0;
◻(◻a ∨ b) = ◻a ∨ ◻b ◇(◇a ∧ b) = ◇a ∧◇b.
1All necessary details regarding monadic Heyting algebras the reader can find in [3].
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A set of all monadic Heyting algebras forms a variety denoted by MH
(see e.g. [3]).
Let 2 be a two-element monadic Heyting algebra. Obviously 2 is a sub-
algebra of any nontrivial MH-algebra.
2.4.3. WS5-Algebras. WS5-algebra is a monadic Heyting algebra in which
open elements, that is the elements a such that ◻a = a, form a Boolean
subalgebra. WS5-algebras admit identity ◇x ≅ ¬ ◻ ¬x, thus, we can view
WS5-algebras as algebras of type (A;∧∨,→,0,1,◻). An algebra (A;∧∨,→
,0,1,◻) is a WS5-algebra if (A;∧∨,→,0,1) is a Heyting algebra (an h-
reduct of A) and the following holds: for every a,b ∈ A
(a) ◻1 = 1;
(b) ◻a = a;
(c) ◻(a ∧ b) = ◻a ∧ ◻b;
(d) ◻◻ a = a;
(e) ◻(a ∨ ◻b) = ◻a ∨ ◻b.
(WS5)
Similarly to monadic Heyting algebras, 2 is a subalgebra of any nontrivial
WS5-algebra.
Proposition 2.7 (see e.g. [3]). Let A be a WS5-algebra. Then
(a) A is subdirectly irreducible if and only if it is simple;
(b) A is simple if and only if it has exactly two open elements: 0 and 1;
(c) If A is finite, then A is a direct product of simple WS5-algebras.
Also, the following holds.
Proposition 2.8. Let A be a finitely generated WS5-algebra. If h-reduct
of A is Boolean, then A is finite.
Proof. If h-reduct of the algebra is Boolean, then A is an S5-algebra, and
every finitely-generated S5-algebra is finite (see e.g. [10, Corollary 5.19]).

2.4.4. WS5-algebras with Compatible Operations. If we extend the signature
of WS5-algebras by new operations fi, i < n, these operations are said to
be compatible if every WS5-congruence is a congruence on the algebra in
extended signature (see [5]). In other terms, new operations are compatible if
WS5-filters coincide with filters of extended algebras. The algebras that we
consider below can be viewed as WS5-algebras with compatible operations.
Let us observe the following.
The filters generated by a set of elements of a given WS5-algebra with
compatible operations can be described in the following way.
Proposition 2.9. Let A be a WS5-algebra with compatible operations and
B ⊆A be a non-empty subset of elements. Then
[B) = {a ∈A ∣ ◻ b0 ∧ ⋅ ⋅ ⋅ ∧ ◻bn−1 ≤ a for some b0, . . . ,bn−1 ∈ B}. (1)
PROJECTIVE ALGEBRAS IN VARIETIES WITH FACTOR CONGRUENCES 7
The proof is left to the reader.
Let us note that if algebra A is finitely generated and A/B is finite, the
condition (1) can be simplified.
Corollary 2.10. Let A be a finitely generated WS5-algebra with compatible
operations, B ⊆ A be a set of elements of A closed under ∧ and such that
A/[B) is finite. Then there is an element b ∈ B, such that
[B) = {a ∈A ∣ ◻ b ≤ a}. (2)
Proof. Suppose A ia a finitely generated WS5-algebra with compatible op-
erations, B ⊆ A and quotient algebra A/[B) is finite. Recall (see e.g. [1,
Lemma 2.1]) that finiteness of a quotient of a finitely generated algebra im-
plies compactness of the congruence. Thus, the congruence defined by [B)
is compact, that is filter [B) is generated by a finite set of elements. Ev-
ery filter is closed under ∧. Hence, if a filter is generated by a finite set of
elements, it is generated by a single element: the meet of generators.
Suppose that a ∈ [B) generates [B), that is
[B) = {c ∈A ∣ a ≤ c}. (3)
By Proposition 2.9, there are elements bi ∈ B, i < n such that
◻ b0 ∧ ⋅ ⋅ ⋅ ∧ ◻bn−1 ≤ a. (4)
Recall that ◻b0 ∧ ⋅ ⋅ ⋅ ∧ ◻bn−1 = ◻(b0 ∧ ⋅ ⋅ ⋅ ∧ bn−1), and by the assumption, B
is closed under ∧. Thus, if b = b0 ∧ ⋅ ⋅ ⋅ ∧ bn−1 ∈ B, and we have
[B) = {a ∈A ∣ ◻ b ≤ a}. (5)

IfA is aWS5-algebra with compatible operations and B ⊆A is a set of its
dense elements, the quotient algebra Ab ∶=A/[B) is a Boolean projection
of A. It is clear that the h-reduct of Ab is a Boolean algebra. Moreover,
if A′ is a homomorphic image of A having Boolean h-reduct, then A′ is a
homomorphic image of Ab.
Immediately from Corollary 2.10 and the fact that set of all dense elements
is closed under ∧, we have the following.
Corollary 2.11. Let A be a finitely generated WS5-algebra with compatible
operations, B ⊆A be a set of all dense elements of A and Ab be finite. Then
there is an element b ∈ B such that
[B) = {a ∈A ∣ ◻ b ≤ a}. (6)
The following property of finitely generated WS5-algebras with compat-
ible operations is crucial for our study of projective WS5 algebras with
compatible operations.
Theorem 2.12. Let A be a nontrivial finitely generated WS5-algebra with
compatible operations having finite Boolean reduct. Then 2 ∈ HA if and only
if for every a ∈A
◻ a ≠ ◻¬a. (7)
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Proof. Suppose 2 ∈ HA. For contradiction: assume that for some a ∈ A we
have ◻a = ◻¬a. Then, if ϕ is a homomorphism of A onto 2, we would have
◻ϕ(a) = ◻¬ϕ(a) and ϕ(a) ∈ {0,1}, which is impossible.
. Conversely, suppose that A is a finitely generated algebra that does not
contain elements satisfying (7). IfA does not contain dense elements distinct
from 1, then h-reduct of A is a Boolean algebra, that is, A = Ab and it is
finite by the assumption of the theorem. Hence, by Proposition 2.7(c),
A ≅ A0 × ⋅ ⋅ ⋅ ×An−1, where Ai, i < n are simple algebras. Thus, either one
of algebras Ai is (isomorphic to) 2 (and obviously 2 ∈ HA), or there is an
element a = (a0, . . . ,an−1) ∈ A such that ai ∈ Ai and 0Ai < ai < 1Ai . Note,
that because h-reducts of algebras Ai are Boolean, we have 0Ai < ¬ai < 1Ai .
Therefore, by Proposition 2.7(b) (and taking into account that all additional
operations are compatible), ◻ai = ◻¬ai = 0Ai , which contradicts (7).
. Now, let us assume that A has distinct from 1 dense elements. Let D be
a set of all dense elements of A. Then, by Corollary 2.11, there is a dense
element d ∈ D such that
[D) = {a ∈A ∣ ◻ d ≤ a} = [◻d). (8)
Observe that ◻d > 0, for otherwise we would have ◻d = 0, and because
element d is dense, ◻¬d = ◻0 = 0. That is, we would have ◻d = ◻¬d.
Recall that open elements of A form a Boolean algebra. So, ◻d > 0 yields
¬ ◻ d > 0 and element ¬ ◻ d is open, i.e. ◻¬ ◻ d = d. Let us consider filter
[¬ ◻ d) = {a ∈A ∣ ¬ ◻ d ≤ a}. (9)
It is clear that filters [◻d) and [¬ ◻ d) complement each other and
A ≅B ×C (10)
where
B ∶=A/[◻d) and C ∶=A/[¬ ◻ d). (11)
Let us observe that element c ∶= d/[¬ ◻ d) ∈C is a dense element, for
¬c = ¬d/[¬ ◻ d) = 0A/[¬ ◻ d) = 0C (12)
and subsequently
◻ ¬c = 0C. (13)
On the other hand,
◻ c = ◻d/[¬ ◻ d) = 0C, (14)
because ¬ ◻ d/¬ ◻ d = 1C. Thus, combining (13) and (14), we have
◻ c = ◻¬c = 0C. (15)
Let us turn our attention to algebra B. Because [◻d) is a filter generated
by all dense elements of A, algebra B is a Boolean projection of A and it is
finite by the assumption of the theorem. Moreover, by Proposition 2.7(c),
B is a direct product of simple algebras. Suppose B =B0 × ⋅ ⋅ ⋅ ×Bn−1, where
B, i < n are simple algebras. If one of the algebras Bi is (isomorphic to) 2,
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algebra 2 is clearly a homomorphic image of A. All what remains to show
is that, the case when every algebra Bi is distinct from 2, is impossible.
Indeed, suppose that for all i < n, there is bi ∈Bi such that 0Bi < bi < 1Bi .
Since h-reduct of Bi is Boolean, we have 0Bi < ¬bi < 1Bi for all i < n.
Therefore, by Proposition 2.7(b), because simplicity of Bi,
◻ bi = ◻¬bi = 0Bi (16)
Let us consider element
a = (b0, . . . ,bn−1, c). (17)
Immediately from (15) and (16) it follows that ◻a = ◻¬a = 0, i.e. the case
when all algebras Bi are distinct from 2, is impossible. 
Now, let us consider some classes of algebras arising from logic that can
be regarded as WS5-algebras with compatible operations.
2.4.5. Heyting Algebras with Regular Involution. An algebra A = (A;∧,∨,→
,¬,∼,0,1) is aHeyting algebra with regular involution ifA = (A;∧,∨,→
,¬,0,1) is a Heyting algebra and ∼ is an unary operation for which the fol-
lowing equations are satisfied:
(a) ∼ (a ∨ b) = ∼ a ∧ ∼ b;
(b) ∼∼ a = a;
(c) ∼ ¬a = ¬¬a.
Proposition 2.13. Let A be a finitely generated Heyting algebra with rreg-
ular involution. If h-reduct of A is Boolean, then A is finite.
Proof. If h-reduct of the algebra is Boolean, we have ¬¬a = a. Hence, (c)
entails that ∼ ¬a = a. Subsequently from (b) we get ∼∼ ¬a = ¬a and therefore
∼ a = ¬a, i.e. ∼ and ¬ coincide. Thus, A is finite, for every finitely generated
Boolean algebra is finite. 
Heyting algebras with regular involution form a variety denoted by HRI
(see [19]). Because ∼ 1 = 0, algebra 2 is a subalgebra of any HRI-algebra.
Moreover, HRI is a discriminator variety (see [19, Theorem 4]).
If ◻ denotes ¬ ∼, all conditions (WS5) are satisfied in every HRI-algebra.
Moreover, WS5-congruences coincide with HRI-congruences. Thus, HRI-
algebras can be viewed as WS5-algebras with compatible operation ∼.
2.4.6. Heyting Algebras with Dual Pseudocomplement. An algebraA = (A;∧,∨,→
,0,1,⌐) is said to be aHeyting algebra with Dual Pseudocomplement ,
if A = (A;∧,∨,→,0,1) is a Heyting algebra and ⌐ is a dual pseudocomple-
ment, that is for each a,b ∈ A we have
a ∨ b = 1 if and only if b ≥ ⌐a. (18)
Proposition 2.14. Let A be a finitely generated Heyting algebra with pseu-
docomplement. If h-reduct of A is Boolean, then A is finite.
10 ALEX CITKIN
Proof. Recall from [24, 1.3(26)] that ¬a ≤ ⌐a. If h-reduct of the algebra
is Boolean, we have a ∨ ¬a = 1. Hence, (18) entails that ¬a ≥ ⌐a and we
have ¬a = ⌐a, i.e. ∼ and ¬ coincide. Therefore A is finite, for every finitely
generated Boolean algebra is finite. 
A set of all Heyting algebras with dual pseudocomplement forms a variety
denoted by HDP (see [25]).
Clearly, 2 is a subalgebra of any nontrivial HDP-algebra.
Let ⊡a ∶= ¬⌐a, and we define ⊡0a ∶= a; and ⊡n+1a ∶= ⊡ ⊡n x. Consider
varietyes HDPn, n ≥ 0 defined by identities (see e.g. [25])
⊡
n+1x ≈ ⊡nx.
We can define a new operator
◻a ∶= ⋀
i≤n
⊡
i
a.
Then in HDPn all equalities (WS5) hold (see [25]), thus we can view HDPn-
algebras as WS5-algebras with ∼ being an additional compatible operation.
Recall also from [25] that for every n > 0, variety HDPn is discriminator.
2.4.7. Double Heyting Algebras. Double Heyting algebra is an algebra
A = (A;∧,∨,→,←,0,1), where A = (A;∧,∨,→,0,1) is a Heyting algebra
and ← is a dual relative pseudocomplement, that is for each a,b, c ∈ A we
have
a ∨ b = c if and only if b ≥ c ← a.
A set of all double Heyting algebras forms a variety denoted by DH (see
e.g. [26]. It is not hard to see that ⌐a = 1← a.
Proposition 2.15. Let A be a finitely generated double Heyting algebra. If
h-reduct of A is Boolean, then A is finite.
Proof. Recall from Proposition 2.14 that if h-reduct of A is Boolean, oper-
ations ¬ and ⌐ coincide. Hence, the following holds
1 a ← b ≤ ⌐(a→ b) [24, 1.3(29)]
2 a ← b ≤ ¬(a→ b) from 1, because A is Boolean and ⌐ = ¬
3 ¬(a ← b) ≤ a→ b [24, 1.3(30)]
4 ¬(a→ b) ≤ ¬¬(a← b) from 3
5 ¬(a→ b) ≤ (a ← b) from 4, because h-reduct of A is Boolean
6 a ← b = ¬(a→ b) from 3 and 5
Thus, inA both additional operations are expressed via Boolean operations.
Therefore A is a finitely generated as Boolean algebra and it is finite. 
Clearly, 2 is a subalgebra of any nontrivial DH-algebra. Let us observe
that for the same reason as for HDP-algebras, DHn-algebra can be viewed
as a WS5-algebra with compatible operations (see e.g. [25]).
Recall also (see [25]) that for every n > 0, variety DHn is discriminator.
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3. Projective Algebras
In this section we study projective algebras in the varieties in which com-
pact congruences are factor congruences.
3.1. Retracts.
Definition 4. An algebra B is a retract of an algebra A if there are
homomorphism ϕ ∶ A Ð→ B and ψ ∶ B Ð→ A such that ϕ ○ ψ ∶ B Ð→ B is
the identity. Homomorphism ψ is called injection , and homomorphism ϕ
is called retraction .
Theorem 3.1. Let A =B×C. Then B is a retract of A if and only if there
is a homomorphism χ ∶ BÐ→C.
Proof. Because A =B×C, we can view elements of A as pairs (b, c), where
b ∈ B and c ∈C. Let
ϕ ∶ (b, c) Ð→ b, (19)
that is, ϕ is a projection, and therefore, ϕ is a homomorphism of A onto B.
Our goal is to construct a homomorphism ψ ∶BÐ→A in such a way that ϕ
is a retraction and ψ is an injection.
First, note that if C is a trivial algebra, then B ≅ A and B trivially is a
retract of A.
Suppose that C is not trivial and χ ∶ BÐ→C is a homomorphism. Let
ψ ∶ bÐ→ (b, χ(b)). (20)
It is clear that ϕ○ψ is the identity. Let us verify that ψ is a homomorphism.
Suppose f is an n-ary fundamental operation and b0, . . . ,bn−1 ∈B. Then,
taking into account that χ is a homomorphism, we have
ψ(f(b0, . . . ,bn−1)) = (f(b0, . . . ,bn−1), χ(f(b0, . . . ,bn−1)))
= (f(b0, . . . ,bn−1), f(χ(b0), . . . , χ(bn−1))))
= f((b0, χ(b0)), . . . , (bn−1, χ(bn−1)))
= f(ψ(b0), . . . , ψ(bn−1)).
(21)
Thus, ψ is a homomorphism, and B is a retract of A.
Conversely, suppose that B is a retract of A and ϕ,ψ are respectively
retraction and injection. Thus, ϕ ○ψ is identity. Let us consider a map
χ ∶ b Ð→ pi2(ψ(b)), (22)
where pi2 is a projection on the second component. In other words, we let
χ ∶ b
ψ
Ð→ ⟨b, c⟩
pi2
Ð→ c. (23)
Because operations on elements of a direct product being performed in-
dependently in each component, it is not hard to see that χ is indeed a
homomorphism. 
Let us recall the definition of projective algebra.
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Definition 5. An algebra A is projective in a class of algebras K if for
every pair of algebrasB,C ∈ K, every homomorphism ϕ ∶A Ð→C, and every
homomorphism ψ ∶ B Ð→ C of B onto C, there exists a homomorphism
χ ∶ A Ð→ B such that ψ ○ χ = ϕ. An algebra A is projective in a variety V
if and only if A is a retract of a free algebra.
3.2. Minimal Algebras: Necessary Conditions of Projectivity. In
this section we give a simple necessary condition of projectivity in the vari-
eties that contain minimal algebras. In the following section we study when
this necessary condition becomes sufficient.
3.2.1. Minimal Algebras. A subalgebra A′ of an algebra A is said to be
proper , if A ∖A′ ≠ ∅. A non-degenerate algebra A is minimal , if A does
not contain proper subalgebras (see [22]). Clearly, a non-degenerate algebra
is minimal if and only if it is generated by any of its elements. Hence,
minimal algebras are countable. If V is a variety, by Vmin we denote the set
of all minimal algebras from V.
Example 1. In a variety of monadic Heyting algebras a non-degenerate
algebra is minimal if and only if it is generated by the unit element. In
particular, there is the only minimal monadic Heyting algebra, namely 2.
Example 2. n-valued Post algebras are minimal for each n > 1 (see [6]).
Let us consider some properties of minimal algebras.
Proposition 3.2. Let V be a variety and M be a minimal subalgebra of
FV(ω). Then every minimal algebra from V is a homomorphic image of M.
Proof. Suppose A ∈ V is at most countable minimal algebra. Then there is
a homomorphism ϕ ∶ FV(ω)Ð→A that maps FV(ω) onto A. Because M is
a subalgebra of FV(ω), the restriction ϕ
′ of ϕ to M is a homomorphism of
M to A. Since A is minimal, ϕ′ maps M onto A. 
Corollary 3.3. Let V be a variety and M be a finite minimal subalgebra
of FV(ω). Then all minimal algebras from V are finite and FV(ω) contains
unique up to isomorphism minimal subalgebra.
3.2.2. ms-Full Varieties. Often, especially when a variety has the only min-
imal algebra, every nontrivial algebra A of a variety V contains at least one
minimal subalgebra:
SA ∩ Vmin ≠ ∅. (MS)
Definition 6. We say that a variety V isms-full if every nontrivial algebra
from V has at least one minimal subalgebra.
It is not hard to see that if no nontrivial algebra from a variety V contains
a trivial subalgebra and FV(ω) contains a finite subalgebra, then V is ms-
full.
Recall (see [5]) that a constant term ofA or a variety V is any nullary or
constant unary term function, or less precisely, the element of A (or of each
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member of V) that constitutes the range of such a function. A variety V of
algebras is pointed if it has at least one constant term, double-pointed if
it has at least two constant terms that are distinct in any nontrivial member
of V.
Example 3. If no nontrivial algebra from a pointed variety V has a trivial
subalgebra, V is ms-full: any nontrivial algebra from V contains a minimal
subalgebra generated by its constant. Every double pointed variety V is
ms-full, for every nontrivial algebra from V contains a minimal subalgebra
generated by the values of constant terms. For instance, varieties of Heyting
or monadic Heyting algebras are double pointed, and hence, they are ms-full.
3.2.3. Necessary condition of Projectivity. The following simple proposition
plays an important role in what follows.
Proposition 3.4. If a minimal algebra M is a homomorphic image of al-
gebra A, then M is a homomorphic image of any nontrivial subalgebra of
A.
Proof. Let ϕ ∶ A Ð→M be a homomorphism of A onto M and B ≤A be a
subalgebra of A. If ϕ′ is a restriction of ϕ to B, we have
ϕ′(B) ≤ ϕ(A) =M,
and ϕ′(B) =M because M has no proper subalgebras. 
Corollary 3.5. Let V be a variety and M ∈ V be a minimal algebra. Then
M is a homomorphic image of every projective in V algebra.
Proof. If an algebra A is projective, A is a subalgebra of a free algebra.
Without loosing generality we can assume that A is a subalgebra of a free
algebra of some infinite rank. Because minimal algebras are countable, every
minimal algebra is a homomorphic image of any free algebra of infinite
rank. 
Definition 7. Let V be a variety containing minimal algebras. An algebra
A ∈ V ismh-full ifA has every algebra from Vmin as a homomorphic image,
that is if
Vmin ⊆ HA. (HF)
Let us observe that, because each minimal algebra being countable, it
is a homomorphic image of FV(ω) and consequently FV(ω) is always mh-
full, provided V contains minimal algebras. Also, Proposition 3.4 entails the
following.
Proposition 3.6. Every nontrivial subalgebra of mh-full algebra is mh-full.
Now, we can give the following necessary condition of projectivity.
Corollary 3.7. (comp [22, Theorem 5.1]). Let V be a variety. Then every
nontrivial projective algebra A ∈ V is mh-full.
The proof follows immediately from Proposition 3.4.
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Example 4. Variety MH of all monadic Heyting algebras contains the only
minimal algebra: 2. Hence, every projective MH-algebra must have 2 as its
homomorphic image. Thus, every finite projective MH-algebra must have
at least one open atom.
Theorem 3.1 has another useful corollary.
Corollary 3.8. Let V be an ms-full variety and let A = B × C, where
B,C ∈ V. If B is mh-full, then B is a retract of A.
Proof. Indeed, if C is trivial, B is a retract of A. If C is nontrivial, then,
by the assumption, C contains a minimal subalgebra M. Also by the as-
sumption, M is a homomorphic image of B. Application of Theorem 3.1
completes the proof. 
3.3. Projectivity. If θ is a factor congruence on an algebra A, we can
re-phrase Theorem 3.1 for factor congruences.
Theorem 3.9. Let A be an algebra and θ, θ′ be a pair of factor congruences
on A. Then A/θ is a retract of A if and only if there is a homomorphism
χ ∶A/θ Ð→A/θ′.
Corollary 3.10. Let V be an ms-full variety and let θ be a factor congruence
on FV(n) such that FV(n)/θ is nontrivial. Then FV(n)/θ is projective if
and only FV(n)/θ is mh-full.
Proof. Suppose θ is a factor congruence on FV(n) and FV(n)/θ is not trivial.
If FV(n)/θ is projective, then FV(n)/θ is a nontrivial subalgebra of FV(ω)
which is mh-full. Hence, by Proposition 3.6, FV(n)/θ is mh-full too.
Conversely, suppose FV(n)/θ is mh-full. By the assumption, θ is a fac-
tor congruence, hence there is a complement congruence θ′ and FV(n) =
FV(n)/θ ×FV(n)/θ
′.
If FV(n)/θ
′ is trivial, then FV(n) = FV(n)/θ, and therefore, FV(n)/θ is
projective.
If FV(n)/θ
′ is not trivial, then, because V is ms-full, FV(n)/θ
′ has a
minimal subalgebra M. Since FV(n)/θ is mh-full, M is a homomorphic
image of FV(n)/θ. That is, there is a homomorphism χ ∶ FV(n)/θ Ð→
FV(n)/θ
′, so we can apply Theorem 3.9 and conclude that FV(n)/θ is a
retract of FV(n), that is, FV(n)/θ is projective. 
Let us recall that finitely presented algebras are exactly factors of free
algebras of finite rank by compact congruences. Hence, from the above
Corollary we get:
Corollary 3.11. Let V be an ms-full variety in which each compact con-
gruence is a factor congruence. Then a nontrivial finitely presented algebra
A ∈ V is projective if and only it is mh-full.
Recall also that in discriminator varieties all compact congruences are
principal and all principal congruences are factor congruences (see Proposi-
tion 2.3).
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Corollary 3.12. Let V be an ms-full discriminator variety. Then a finitely
presented algebra A ∈ V is projective if and only if every minimal algebra is
a homomorphic image of A.
Often a variety contains just one minimal algebra: for instance, varieties
of Heyting algebras or monadic Heyting algebras. In this case the above
corollary can be stated as follows.
Corollary 3.13. Let V be a discriminator variety containing a single min-
imal algebra M which embeds in every nontrivial algebra. Then, a finitely
presented algebra A is projective if and only if M is a homomorphic image
of A.
Combining Proposition 3.4 and Corollary 3.13 we obtain the following.
Corollary 3.14. Let V be a discriminator variety containing a single min-
imal algebra M which embeds in every nontrivial algebra. Then any finitely
presented subalgebra of FV(ω) is projective.
Proof. Suppose a finitely presented algebra A is a subalgebra of FV(ω).
Then, because A is finitely generated, A is a subalgebra of FV(n) for some
n ∈ ω. By Proposition 3.4, M ∈ HA. By Corollary 3.13, A is projective. 
Let us apply the obtain criterion of projectivity. For this, recall that va-
rieties WS5, HRI and HDPn are discriminator varieties and have a minimal
2 that embeds in every nontrivial algebra.
Theorem 3.15. Let variety V be a subvariety of WS5 (or HRI, or HDPn,
or DHn). Then a finitely presented in V algebra is projective if and only if
it has two-element algebra as a homomorphic image.
4. Primitive Quasivarieties
A quasivariety Q is said to be primitive (see e.g. [14]) if every subqua-
sivariety QV0 ⊆ Q is a relative variety, that is, Q0 = Q ∩ V for some variety
V.
Given a variety V, by QV we denote the quasivariety generated by FV(ω),
thus, QV is the smallest quasivariety equational closure of which is V. It is
clear that for any primitive quasivariety Q, we have Q = QV , where V is the
equational closure of Q.
Proposition 4.1. Let V be a variety. Then QV is primitive if and only if
for every subvariety V0 ⊆ V such that FV0(ω) ∈ QV
V0 ∩QV = QV0 . (24)
Proof. If FV0(ω) ∈ QV , we have FV0(ω) ∈ V0 ∩QV and consequently QV0 ⊆
V0 ∩QV ⊆ V0. Any subquasivariety of a primitive quasivariety is primitive.
Hence, quasivariety V0 ∩QV is primitive and QV0 = V0 ∩QV .
Conversely, suppose that (24) holds for every subvariety V0 ⊆ V such
that FV0(ω) ∈ QV . Let Q ⊆ QV be a subquasivariety and V0 be a variety
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generated by Q. Clearly, FV0(ω) ∈ Q ⊆ QV . Hence, (24) holds and Q is a
relative variety. Thus, quasivariety QV is primitive. 
For the duration of this section we assume that V is a variety such that
(a) V is ms-full;
(b) Every compact congruence of any V-algebra is principal;
(c) Every principal V-congruence is a factor congruence.
(FC)
Example 5. Any double pointed discriminator variety satisfies the above
conditions. For instance, WS5 contains minimal algebra 2 and every WS5-
algebra has 2 as a subalgebra.
Let Vmh ∶= {A ∈ V ∣ A is mh-full}.
Proposition 4.2. Vmh is a prevariety.
Proof. It is clear that PVmh ⊆ Vmh, for if B is a homomorphic image of A,
then B is a homomorphic image of A ×C for any algebra C.
Because all algebras from Vmin are minimal, immediately from Proposi-
tion 3.4 we conclude that SVmh ⊆ Vmh. 
Note that Vmh is a quasivariety if and only if Vmh can be axiomatized by
a set of first-order sentences (see Proposition 2.1).
Theorem 4.3. If Vmh is a quasivariety, then Vmh = QV . Moreover, if Vmin
contains just one algebra, then QV is primitive.
Proof. First, let us observe that, since every minimal algebra is countable,
FV(ω) ∈ Vmh. Hence
QV ⊆ Vmh. (25)
Let us prove that Vmh ⊆ QV . By Proposition 2.5, quasivariety Vmh is gener-
ated by all finitely Vmh-presented algebras. Thus, to prove the claim, it is
sufficient to show that every finitely Vmh-presented algebra A is in QV .
Indeed, assume that algebra A is a nontrivial finitely Vmh-presented and
⟨X,∆⟩ is a defining pair, that is, A ≅ FVmh(X,∆) and let us consider
FV(X,∆). Then, taking into accounts that Vmh ⊆ V, by Proposition 2.4(a),
we can conclude that FVmh(X,∆) is a homomorphic image of FV(X,∆).
Hence, every homomorphic image of FVmh(X,∆) is a homomorphic image
of FV(X,∆). Recall that FVmh(X,∆) ∈ Vmh, thus, FV(X,∆) ∈ Vmh.
Since FV(X,∆) has nontrivial homomorphic images, it is nontrivial itself.
Moreover, FV(X,∆) is a quotient algebra of FV(n) (where n is cardinality
of X) by a compact congruence θ (generated by pairs of elements corre-
sponding to relations from ∆). By (FC)(b), congruence θ is principal, and
by (FC)(c), congruence θ is a factor congruence. Therefore, by Corollary
3.10, algebra FV(n)/θ, and hence, algebra FV(X,∆), are projective in V.
Every projective in V countable algebra is a subalgebra of FV(ω), thus,
FV(X,∆) is a subalgebra of FV(ω) and we know that FV(ω) ∈ QV . There-
fore FV(X,∆) ∈ QV .
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Now, suppose V contains a single minimal algebra M. Then, by assump-
tion of ms-fullness, M is a subalgebra of every notrivial algebra from V,
hence, M belongs to every non-degenerate subvariety of V.
Let V ′ be a nontrivial subvariety of V and let us consider quasivariety
Q′ ∶= V ′∩QV . It is clear that Q
′ consists of all algebras A from V ′ that have
M as a homomorphic image, i.e. Q′ = V ′mh. Thus, we can apply to V
′ the
same argument that we used for V and conclude that Q′ = V ′mh = QV ′, that
is, we have
QV ′ = V
′
∩QV
Let us note that, because V being nontrivial, M ∈ V ′ and subsequently
FV ′(ω) ∈ V
′
mh = Q
′ ⊆ Q. So, by Proposition 4.1, we have that quasivariety
QV is primitive. 
In case when V is a discriminator variety containing only finite minimal
algebras, we can say even more.
Theorem 4.4. Let V be a discriminator variety and M ∈ V be a finite
minimal algebra. Then there is a first order formula α such that
A ⊧ α if and only if M ∈ HA. (26)
Proof. Let us recall [18, §10 Corollary 3] that for each finite algebra B, if
{b0, . . . ,bn−1} is a universe of B, there is a formula δ(zb0 , . . . , zbn−1 , z) - a
diagram formula2 of B - such that for any algebra C,
C ⊧ ∃(zb0 , . . . , zbn−1)∀(z)δ(zb0 , . . . , zbn−1 , z) if and only if B ≅C. (27)
Let B =M and β ∶= ∃(zb0 , . . . , zbn−1)∀(z)δ(zb0 , . . . , zbn−1 , z).
Recall also from [5, Theorem 2.8] that the discriminator term t satisfies
the following condition: for every A ∈ V and every a,b, c,d ∈A,
t(a,b, c) = t(a,b,d) if and only if c/θ(a,b) = d/θ(a,b). (28)
Let βt(x, y) be a formula obtained from formula β by replacing every
equality r = s occurring in β with
t(x, y, r) = t(x, y, s). (29)
From (27) and (28) it follows that for any given elements a,b ∈A,
A ⊧ βt(a,b) if and only if A/θ(a,b) ≅M. (30)
Hence, if α ∶= ∃(x, y)βt(x, y), then
A ⊧ α if and only if there are a,b ∈A such that A/θ(a,b) ≅M. (31)
Thus, ifA ⊧ α, we haveM ∈ HA, and we need to prove only that ifM ∈ HA,
then A ⊧ α. Let us observe that, because α contains just a finite number of
variables, A ⊧ α if and only if for every finitely generated subalgebra B ≤A,
we have B ⊧ α. On the other hand, from Proposition 3.4 we know that
M ∈ HA yields M ∈ HB for every nontrivial subalgebra of A. Hence, if we
2See also a notion of open diagram in [7].
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prove that for every finitely generated algebra B, if M ∈ HB, then B ⊧ α,
we will complete the proof.
Let B be a finitely generated algebra and M ∈ HB. Then, because M is
finite, there is a compact congruence θ on B such that M ≅ B/θ (see e.g.
[1, Lemma 2.1]). Because variety is discriminator, by Proposition 2.3(c),
every compact congruence on B is principal. Therefore, there are elements
a,b ∈ B such that B/θ(a,b) ≅M. Hence, by (31), B ⊧ α. 
Corollary 4.5. Let V be a discriminator variety such that Vmin contains
only finite algebras. Then Vmh is a quasivariety.
Proof. We already know (see Proposition 4.2) that Vmh is a prevariety.
Hence, by Proposition 2.1, it is enough to establish that Vmh is axioma-
tizable, which immediately follows from the above theorem. 
The following corollary gives a description of all primitive subquasivari-
eties of discriminator variety V provided V has a finite minimal algebra that
embeds in any nontrivial algebra from V.
Corollary 4.6. Let V be a discriminator variety that has a finite minimal
algebra which embeds in any nontrivial algebra from V. Then a subquasiva-
riety Q ⊆ V is primitive if and only if Q = QV ′ for some subvariety V
′ ⊆ V.
5. Applications
The goal of this section to prove the following theorem that describes
projective finitely-presented algebras an some discriminator varieties that
arise from logic.
Till the end of this section V is a discriminator variety of WS5-
algebras with compatible operations such that unit and bottom
elements of FV(ω) form a subalgebra denoted by 2.
Note that V is ms-full, for every nontrivial algebra A ∈ V there is a
homomorphism from FV(ω) to A that sends top and bottom elements of
FV(ω) to top and bottom elements of A. It is also clear that 2 is the only
minimal algebra of V.
Theorem 5.1. Let A be a nontrivial finitely presented in V algebra. Then
the following is equivalent
(1) A is projective in V;
(2) 2 is a homomorphic image of A;
(3) A does not contain an element a such that
◻ a = ◻¬a; (32)
(4) The quasiidentity
ρ ∶= ¬ ◻ x ∧ ¬ ◻ ¬x⇒ 0 (33)
holds on A.
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Proof. First, let us observe that V is ms-full.
(1) ⇔ (2). Variety V is discriminator and it contains the only minimal
algebra. So, by virtue of Corollary 3.13, (1) and (2) are equivalent.
(2) ⇔ (3) follows from Theorem 2.12.
(3) ⇔ (4) follows from the observation that quasiidentity ρ is rejected in
an algebra A if and only if A has an element a such that ◻a = ◻¬a = 0 (note
that ◻a = ◻¬a is equivalent to ◻a = ◻¬a = 0). 
Corollary 5.2. Any finitely presented subalgebra of FV(ω) is projective.
Proof. Suppose A is a finitely presented subalgebra of FV(ω). It is clear
that A is not a trivial algebra. Also, it is clear that 2 is a homomorphic
image FV(ω), and by Proposition 3.4, 2 is a homomorphic image of A, and
application of Theorem 5.1 completes the proof. 
Corollary 5.3. A finitely presented algebra FV(X,∆) is projective if and
only if formula ⋀{δ ∈ ∆} is satisfiable in 2. Hence, there is an algorithm
deciding by ∆ whether FV(X,∆) is projective.
Let us observe that equivalence of properties (2) and (4) of Theorem 5.1
means that the set Vmh forms a quasivariety. Hence we have the following.
Corollary 5.4. A subquasivariety Q ⊆ V is primitive if and only if it admits
quasiidentity ρ.
Let us observe that conditions of Theorem 5.1 hold for WS5, HRI, HDPn
and DHn, hence Theorem 5.1 and all its corollaries hold for these varieties.
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